RING MAPS AND THE BOUSFIELD LATTICE

LUKE WOLCOTT

ABSTRACT. Given a map of commutative rings f : R — S, extension by scalars
and the forgetful functor give an induced adjoint pair of functors between
the derived categories D(R) and D(S). We use these functors to relate the
Bousfield lattices, and thick and localizing subcategories, of D(R) and D(S).
One consequence is new information about the structure of derived categories
of non-Noetherian rings.

1. INTRODUCTION

A commutative ring map f : R — S induces a functor on module categories
f« : Mod-R — Mod-S, where f.(M)= M ®pg S. This induces a functor Ch(R) —
Ch(S) on complexes. Let f, : D(R) — D(S) be the derived functor fo = Lfx,
and let i, = Li : D(S) — D(R) be its adjoint, induced by the forgetful functor
i : Mod-S — Mod-R.

We approach these classical algebraic objects from the perspective of algebraic
topology and tensor-triangulated category theory. So we think of the unbounded
derived category D(T') of a commutative ring T' as a monogenic stable homotopy
category [HPS97]. It has a symmetric monoidal tensor product, — ®% —, which
we will denote as the smash product — A —. The unit of this smash product, the
module T' concentrated in degree zero, is the sphere object - it is a small, weak
generator. We have arbitrary coproducts, given by degree-wise direct sums, and
Brown representability holds.

A triangulated subcategory of D(T') is called thick if it is closed under retracts.
An object is called finite if it is in the thick subcategory generated by the sphere
object. A triangulated subcategory is called localizing if it is closed under arbitrary
coproducts. We are interested in characterizing the localizing subcategories, and the
thick subcategories of finite objects, in D(T'). When the ring T" is Noetherian, this
has been done [Nee92]: these are classified by subsets, and specialization-closed sub-
sets, respectively, of the prime spectrum SpecT. Furthermore, Thomason [Tho97]
showed the thick subcategories of finite objects of an arbitrary commutative ring
can be classified by certain subsets of SpecT. More broadly, much work has been
done towards understanding thick subcategories of finite objects in general trian-
gulated and tensor-triangulated categories. See, e.g. [B05, BIK11].

However, localizing subcategories seem harder to pin down. One approach is to
study Bousfield classes. The Bousfield class of an object X is {W | WAX = 0}, and
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every Bousfield class is a localizing subcategory. When there is a set of Bousfield
classes, these form a complete lattice called the Bousfield lattice. We have some
understanding of the Bousfield lattice of the stable homotopy category of spec-
tra [HP99], of the derived category of a particular non-Noetherian ring A [DP0S],
and of a general tensor-triangulated category [IK11]. The Bousfield lattice of the
derived category D(T) of a Noetherian ring 7" is more or less completely understood
- every localizing subcategory is a Bousfield class, and the Bousfield lattice is in
bijection with subsets of SpecT.

In this paper, in order to better understand the Bousfield lattice and localizing
subcategories in the derived category of an arbitrary commutative ring, we try
to relate the derived categories of different rings. So we start with a ring map
f:+R— S, and work with fo : D(R) — D(S) and is : D(S) — D(R) as defined
above. Placing various hypotheses on the map f gives a range of results.

For example, there are two interesting well-known sublattices DL and BA within
the Bousfield lattice BL, and we have (Props. 2.6 and 4.6, Lemma 4.5)

Proposition 1.1. f, and i, define order-preserving operations between the Bous-
field lattices of D(R) and D(S). The map fs sends DLpry to DLp(sy and BAp(g)
to BAD(S)-

Proposition 1.2. Assume foie(X) = (X) for all X. Then i, injects DLD(S) into
DLD(R) and BAD(S) mnto BAD(R)

We also define a quotient lattice BLpgy/J of the Bousfield lattice of D(R), and
show (Prop. 4.2) that when feie(X) = (X) for all X, f, induces an isomorphism

fe :BLp(r)/J — BLp(s),

with inverse i,. Section 6.3 shows that when R and S are Noetherian and f is
surjective, fo induces a complete splitting BLp(r) = BLps) x J.

In Sections 5 and 6, we show that f, and i, give well-defined operations on thick
and localizing subcategories, and, using the notion of support, connect with the
classification theorems mentioned above.

For example, when f : R — S is surjective, and S is Noetherian, let T =
f~1(SpecS) C Spec R. We have the following (Props. 5.12 and 5.21).

Proposition 1.3. Let X be an element of D(S), or a thick subcategory of D(S).
Let' Y be an element of D(R), or a thick subcategory of D(R). Then

supp(ie X) = ™' (supp(X)), and f~" (supp(foY)) C supp(Y)NT.

When R is also Noetherian, the latter inclusion is an equality, and the two
statements hold with X or Y localizing subcategories.

Also, when f: R — S is surjective, and S is Noetherian, we define finite objects
R/p in D(R) that mimic the Koszul objects S/p in D(S). These allow us to
explicitly pull back structure from D(S) to D(R).

The final section gives an application of these results to a map f : I’ = A be-
tween two non-Noetherian rings, where we are also able to demonstrate a complete
splitting of Bousfield lattices.
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2. GENERAL f: R— S

In this section, let f : R — S be any ring homomorphism, and f, : Mod-
R — Mod-S as above. Let f, be the left derived functor fo = Lf, = L(— ®g S) :
D(R) — D(S). Then [HPS97, 9.3.1] shows that f, is a stable morphism - it is
exact, has fo(R) =5, and fo(X AY) = fe X A foY. As a left adjoint, it commutes
with coproducts and sends projectives to projectives.

The right adjoint of f, is e = Li : D(S) — D(R), induced by the forgetful
functor ¢ : Mod-S — Mod-R. It is exact, commutes with coproducts and products,
and sends injectives to injectives. It is injective in the sense that ie(X) = 0 implies
X =0, simply because an acyclic complex of S-modules is acyclic whether we think
of it as a complex of R-modules or S-modules. The adjointness means

Homz(s)(f.X, Y) = HOHI*D(R) (X, Z.Y)

The following lemma will be used frequently.

Lemma 2.1. For all objects A in D(R) and B in D(S), we have
ie(feANB)=ANi.B.

Proof. This is the projection formula in [Wei94, 10.8.5]. |

Remark 2.2. Take z € R = [R, R],, and consider the morphism R = R in D(R).
Applying f, to this, we get

(20 29 1)) = (Rons =24 R s)

= (R@RS“%Z)R@R:;) - (s@s).

From this we conclude the following.

Lemma 2.3. The functor fe takes finite objects to finite objects.

2.1. Ideals and prime ideals. Here we introduce two important classes of objects.
For any finitely generated ideal v = (21, ..., 2,) in aring T, let T'/v denote the wedge
T/z1 ANT/z A--- AT/ z,, where T'/z; is the cofiber of the map T' = T'. These are
called Koszul objects in [BIK11].

Lemma 2.4. Given two finitely generated ideals v, t in a ring T, if ¢ C t then
T/t € th(T'/v). Therefore different choices of generators of an ideal v will generate
the same thick subcategory th(T'/¢).

Proof. This is basically Lemma 6.0.9 in [HPS97]. The proof there requires the
ideals be finitely generated, but not prime. (Il

For a prime ideal p in a ring T, let T, be the localization at p. Then let
ky = T,/pT, be the residue field of p; let k, be this field thought of in D(T).
Then [HPS97, 3.7.2] shows that k, is a skew field object in D(T).
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For every prime ideal p, the object k, A ky is nonzero, because it has homology
Ext(ky, kyp) # 0.

Lemma 2.5. Let q, p be prime ideals of a ring T. If p # q, then kip/\l’?q =0.

Proof. Without loss of generality, take r € p\q. Then since kq is g-local, and
r ¢ q, the map kq LN kq is an isomorphism, and induces an equivalence in D(T').
On the other hand, k, is p-torsion, so k, BLEEN ky is nilpotent (some power of it is
zero). Since

E A l?q LA E A l?q is an equivalence, and
kp A kq ALY kp A kq is nilpotent,
we must have l?p A I?q =0. (I

2.2. Bousfield lattice. Recall that, given an object X, the Bousfield class of X
is defined to be
(X)={W | X AW =0}.
Each Bousfield class is a localizing subcategory. The collection of Bousfield
classes has a partial ordering, based on reverse inclusion, so

(X) < (Y) if and only if W AY = 0 implies W A X = 0.

Then (0) is a minimum, and the Bousfield class of the sphere object is a max-
imum. The coproduct gives a join operation. For more on Bousfield classes,
see [Bou79a] or [HP99].

Iyengar and Krause showed recently that the collection of homological Bousfield
classes in the derived category of any ring R is a set [IK11, Thm. 3.1]. Thus
for every commutative ring 7', the collection of Bousfield classes forms a complete
Bousfield lattice, denoted BLp(r). The functors fo and ie induce maps between
the Bousfield lattices of D(R) and D(S). If we consider a Bousfield class (X) as a
localizing subcategory, then we can map this to fe((X)) as a subcollection in D(S).
However, in general f,((X)) will not be triangulated, because f, 0is # 1p(g).

So instead we define an operation f, : BLpry — BLp(s) by (X) = (feX). We
also define an operation is : BLp(s)y — BLp(r) by (X) = (i¢X). For the rest of
this paper, fo(X) and ie(X) will mean (f¢X) and (i¢X).

Proposition 2.6. Both f, andi,, as defined above, are well-defined, order-preserving
operations on Bousfield lattices, and both preserve arbitrary joins.

Proof. First we show that (Y) < (X) implies (i6Y) < (ieX). Suppose (Y) < (X)
and W AieX = 0. Then Lemma 2.1 implies ie(feW A X) =0, so feW A X = 0.
Thus foW AY =0, and W Ad,Y = 0.

This implies that if (Y') = (X), then (ioY) = ({6 X), 50 is(—) is well-defined and
order-preserving.

Now suppose (V) < (X) and WA f¢X = 0. Then from the lemma X Ai,W = 0,
50 Y AN igW = 0, which implies foY A W = 0. Therefore fo(—) is order-preserving
and well-defined.

It’s clear that f, and i, preserve arbitrary joins. O

As an aside, note that this implies (ie X) < (765) for all X in D(S).
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Let J be the image of Kerfs in BLp(g), in other words
J = {(X) | fo(X) = (0)}.

Proposition 2.7. The subposet J is a complete principal ideal in BLp gy, and fe
induces a poset map

f. : BLD(R)/J—> BLD(S)-

Proof. Suppose (Y) < (X) and (feX) = (0). Then (f.Y) < (feX), so (foY) = (0)
and J is a lattice ideal. It is complete because it is closed under arbitrary joins. If
we define

e
then J = {(X) | (X) < (M)} is principal.

This is not enough to guarantee an induced map on the quotient lattice (see [HP99,
3.11]). For this, we also need to know that if (X) = (Y)(mod J), then fo(X) =
fo(Y). Asin [HP99, Sect. 3], (X) and (V) are equivalent if and only if (X)V (M) =
(Y) vV {(M). But then since (f¢M) = (0),

<foX> = <foX> v <foM> = f-(<X> v <M>) = <on> \ <foM> = <on>~
U

For brevity, we will denote BLp(ry/J by BL/J. Note that in BL/J we have
fo(X) = (0) if and only if (X) = (0).

Lemma 2.8. In BLpr) we have i, o fo(X) < (X), and in BL/J we have iq o

folX) = (X)), for all (X). Thus in BL/J, if fo(X) = fo(Y), then (X) = (V).
Proof. An object W has W AiefoY = 0iff foW A foY =0 iff f((WAY) =0.
Therefore W AY = 0 implies W A (ie foY) = 0. And in BL/J the converse holds
as well.
If <KX> = <Ky>a then (X) = <Z.ﬁX> = (i.fY> =(Y). .

2.3. BA and DL. Here we begin an investigation of the effects of f, and i, on the
sublattices BA and DL of BL. See also Section 4.1, and [Bou79a, HP99, DP08, IK11]
for more results on BA and DL.

The distributive lattice DL is defined to be the set of Bousfield classes (X) such
that (X) = (X A X). In DL, the meet of (X) and (Y) is given by (X AY), so the
meet distributes over arbitrary joins, hence the name.

Because we know there is a set of Bousfield classes, we can define a complemen-
tation operator a(—) on Bousfield classes, by

aX)y=\/ ().
(X)A(Y)=(0)

The Boolean algebra BA is defined to be the set of complemented Bousfield
classes; i.e. all (X) such that there exists a class (X¢) with (X) A (X¢) = (0) and
(X) vV (X°) the maximum Bousfield class. It is not hard to show that if (X) is
complemented, then (X¢) = a(X).
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In general, BA C DL. For every finite W, (W) is in BA. For every smashing
localization functor L : D(T) — D(T), the acyclics (LT) are in BA.

Proposition 2.9. f, maps DLp(g) into DLp(g), and BAp(g) into BAp(s). If (X)
in BAp(g) has complement (X€), then (foeX) has complement (fo(X€)).

Proof. If (Y) = (Y AY), then (f, ) (foY A fY).
If (X) has (X) V (X) = (R) and (X) A (X€) = (0), then (foX) V (feX*)
(foR) = (5) and (fo X) A (feX©) = (0), s0 ((fe X)) = (f6X).

Ol

3. SURJECTIVE f: R — S

In this section, let f: R — S be a surjective ring map.

Lemma 3.1. On the module level, we have f.oi= Idy\joq_g-
Proof. The S-module map ¢ : N — i(N)®pr S defined by ¢(n) = n®1 has inverse
P(n®s) = (n.s). O

However, as noted above, on derived categories we don’t necessarily have fq,0i, =
Ip(s)- This is because i doesn’t send projectives to projectives, so L(f, o) #
L(f.)o Li (see [Wei94, 10.8.2]).

Lemma 3.2. The map f~': Spec S — Spec R is injective.
Proof. p= f(f~'(p)) = f(f (@) = 9. O

In fact, as a map of topological spaces, f~! is a homeomorphism onto its im-
age [H77, ex.2.18].

Lemma 3.3. Letp C S be a prime ideal. Then fo(Rs-1,) = S, as objects in D(S).
Proof. First note that R;-1, is flat over R, so
f.(Rf—lp) = L(— QR S)(Rf—lp) = Rf—lp KRR S.
We have an S-module map ¢ : Ry-1, ®g S — Sy given by

a fla)c
o(30¢) = f((b))'

If ff(b) =0 then f(a)c=0, so%@c:%@)f(a)czg

Given £ € S, with z € S\p, since f is surjective we have b € R\ f~'p such that

#(b) = z. Then
o)

The next proposition plays an important role in later computations.




RING MAPS AND THE BOUSFIELD LATTICE 7

Proposition 3.4. Let p C S be a prime ideal. Then fo(kf-1,) = k.

Proof. Define q¢ = f~!p, and choose generators y; so (y1,¥2,...) = q. Define
zi = f(y;) € p and note that (21, z2,...) = p.

The R-module kq = R,/qR, is g-local, and an Rg-module. In D(R,), we have
the object l?q concentrated in degree zero. In local rings, projective modules are
free, and we have a projective resolution of kq in Mod-R,:

o PRy — PRy B Ry — 0,

where the direct sums are infinite if (y1,y2,...) = q is not finitely generated. This
is a representation of kq in D(Ry).

Now R, is a flat R-module, so this resolution is also a flat resolution of k4 in
Mod-R, so represents kq in D(R). To compute fo(kq), we just apply — ®g S to
this resolution. In Lemma 3.3 we saw that as S-modules, Ry ®r S = S,, and
yi ® 1 = f(yi) = 2. So we get that fe(k,) is represented by

---—>@Sp—>@5p%5p—>0.

This shows that fs(kq) has nonzero homology only in degree zero, and its zeroth
homology is Sy /pSy = ky.

The object ky in D(S) can also be represented as a bounded-below chain complex
of projectives, with nonzero homology only in degree zero. Since k, and fs(kq) are
both equivalent to bounded-below complexes of projectives, with the same zeroth
homology and zero homology elsewhere, there is a weak equivalence between them.

O

4. A MAP f: R — S SUCH THAT feie(X) = (X) FOR ALL X

This happens, for example, when f is surjective and S is Noetherian (see Section
5). It also happens with the specific non-Noetherian projection f: ' — A that we
examine in Section 7.

Note that feie(X) = (X) means is(—) is injective in the sense that ie(X) = ie(Y")
implies (X) = (V).

Lemma 4.1. The following are equivalent:
(1) foio(X) = (X) for all (X)
(2) 1eW AieX =0 if and only if ie(WAX)=0
(3) 1e(Y AX) = (1aY) A {ie X).

Proof. For (1) < (2), note that WA feie X =0 iff ieW AieX =0, and WA X =0
iff io(W A X) = 0.

For (1) < (3), note that WAis(YAX) = 0iff WAV AX) =0iff (fWAY)A
X =0, and WAie X AiY = 0iff (fWA faie X)AY = 0iff (foWAY)A(faieX) = 0.
[l
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Proposition 4.2. If fei.(X) = (X) for all (X), then fo : BLpry — Blp(s) is
onto, and we have a bijection of posets

To : BLpry/J — BLp(s),
where i4(—) is the inverse.

Proof. It’s clear that f, and f, are onto. In BL/J we have fo(X) = (0) if and
only if (X) = (0). O

4.1. Poset adjoints. As a poset map, because i,(—) preserves joins on BLp(g), it
has a poset map right adjoint r : BLp(r) — BLp(s), see [HP99, 3.5]. We know

r(Y) = \/{(X) lie(X) < (Y)}, and

ie{X) < (Y) if and only if (X) < r(Y).

Proposition 4.3. If feie(X) = (X) for all (X), then fo(X) = r(X) for all (X),
50

(iaX) < (V) if and only if (X) < (fY).

Proof. Lemma 2.8 implies that fo(X) < r(X) for all (X). For the other direction,
it suffices to show that if (ie X) < (Y), then (X) < (f.Y).

If (ieX) < (V) and W A foY = 0, then Lemma 2.1 implies ieW AY = 0, so
1eW NieX = 0. It follows from Lemma 4.1 that ie(W A X)=0,s0 WA X =0. O

The BL operation f, also preserves arbitrary joins, so has a poset map right ad-
joint. On the object level, we know that f, is left adjoint to 7,, and so it is natural
to ask if i, is the poset adjoint of f,.

Proposition 4.4. Assume foie(X) = (X) for all X. Then on the level of Bousfield
classes, we have

(foX) <(Y) < (X) < (iuY),

but the forward direction need not hold. In the quotient fo : BL/J — BL we do
indeed have

fo(X) S (Y) & (X) <idu(Y),
50 fo and is(—) are poset adjoints.

Proof. First suppose (X) < (i¢Y) and W AY = 0. Then i,(W AY) = 0, which
using the above lemma means i W AigY =0, 80 ie WA X =0, and W A fo X =0.

On the other hand, suppose (feX) < (Y) and W A4,Y = 0. Then fWAY =0,
foW A foX =0, and fo(W A X) = 0. At the BL level, this does not necessarily
mean W A X = 0. In the quotient, however, fo(W A X) = 0 implies W A X = 0. O
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4.2. BA and DL.

Lemma 4.5. When feio(X) = (X) for all (X), the map is(—) sends BAp(g)
into BAp(ry. If (X) € BAp(s) has complement (X€), then (ieX) € BAp(r) has
complement (ie(X))V(M). In particular, (isS) is complemented, with complement
(M) (defined in 2.7).

Proof. We first show that (ieS) is complemented, with complement (M). Note
that (ieS) = (R)(mod J), because fo(ieS) = (foieS) = (S) = (foR) = fo(R), and
fe is injective on BL/J. Therefore (isS) V (M) = (R) V (M) = (R). On the other
hand, foM =0,s0 SA foeM =0, 50 1s5 N M = 0.
We noted earlier that (ieX) < (i¢5) for all X. Therefore ie X AM = 0 for all X.
Now suppose (X) € BAp(s), so (X) V (X¢) = (S) and (X) A (X¢) = (0). This
implies (ieX) V (16 X¢) = (ie.5) and (ieX) A (ieX¢) = (0).
We calculate that
(1e X) V ((ia X) V(M) = (iaS) V(M) = (R) V (M) = (R),
because (ie5) = (R)(mod J).
Also, we have
(1e X) A ((10X%) V(M) = ((1e X) A (1e X)) V ((ie X) A (M)
=(0) V ((ie X) A (M) = (0).
This shows that the complement of (ieX) is (ie X ) V (M). O

Proposition 4.6. Suppose feie{X) = (X) for all (X). The following hold.
(1) The map fo sends DLp(gy onto DLp(s), and the map i, injects DLp(g) into
(2) The map fo sends BApry onto BAp(sy, and ie injects BAp sy into BAp(g).
(3) The map fo establishes a poset isomorphism between (the image of) DL in
BL/J and DL in D(S), with inverse i,.
(4) The map fo establishes a poset isomorphism between (the image of) BA in
BL/J and BA in D(S), with inverse i,.

Proof. Lemma 4.1 implies that if (Y) = (Y AY), then (i,Y) = (Y AieY), SO i
sends DL to DL. The rest follows from Propositions 2.9 and 4.2, Lemma 4.5, and
the fact that f, is surjective and i, is injective. O

5. SURJECTIVE f: R — S WITH S NOETHERIAN, R NOT NECESSARILY
NOETHERIAN

We know a lot about the Bousfield lattice of the derived category of a Noe-
therian ring S. In particular, BLp(g) is isomorphic to the Boolean algebra on the
classes {(kp) | p € Spec S}. Every localizing subcategory is a Bousfield class; every
smashing localization is a finite localization; and there are classifications of local-
izing and thick subcategories, corresponding to subsets and specialization-closed
subsets of SpecS. Given p € SpecS, we have the finite Koszul object S/p, and
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K(p) := Sy AS/p. Furthermore, loc(K (p)) = loc(ky). See [HPS97, Ch.6] or [Nee92]
for details.

Much less is known in the general case of a commutative ring. In this section let
f: R — S be surjective, with S Noetherian, but R not necessarily Noetherian. We
will attempt to use f, and i, to pull back structure to D(R).

Let p € S be a prime ideal. Since S is Noetherian, choose generators p =
(#1,...,2n). Since f is surjective, we can choose y; € R such that f(y;) = z; for
all i. Define p = (y1,...,yn) C R. Note that for every possible choice of y;’s, we’ll
always have p C f~1(p). Also, f(p) =

As before, define the object R/p = R/y1 A R/y2 A --- A R/y,. Then define
K(p) :=R/pANRj-1,.

It’s clear that there is much choice involved in the definition of K (p). Let p’ be
a different ideal of R, corresponding to a different choice of elements of f~1(2;).

Question 5.1. Do R/p and R/p’ generate the same thick subcategory? Is (K(p)) =
(K(p))?

We'll see below that (K (p)) is well-defined in BL/J, at least.
Lemma 5.2. For all p € Spec S, we have fo(R/p) = S/p and fo K(p) = K(p).

Proof. For each i, if we apply fo to the cofiber sequence R 2y R — R/y;, we
get (see Remark 2.2)

(B 5% 1R — fu(B/y)
- (5 ) s s fu(R/y:) )

= (5255 — f(B/y).
Therefore fo(R/y;) = S/z. Then using Lemma 3.3 we have
foK(P) = fo (Ry=1p) NR/yr A=+ A R/yn)
= foRp—1(p) AN fo(R/y1) N A fo(R/yn)
=S, ANS/z1 AN+ 8/z, = K(p).
t

Lemma 5.3. In BLp(g) we have (ie K (p)) < (K (p)), and in BL/J we have (is K (p))
(K(p)). Therefore (K (p)) is well-defined in BL/J, independent of choice of p.

Proof. Suppose X A K(p) = 0. Then fo(X A K(p)) = foX AN K(p) = 0, so
X NieK(p) =0.

In BL/J, f, is injective, so we can follow the logic in the other way: if X A
ie K (p) =0, then foX A K(p) =0, 50 fo(X AK(p)) =0,50 X AK(p) =0. O

Lemma 5.4. For all X in D(S), we have foie(X) = (X).

Proof. Every (X) in BLpg) is the join of some (K(p))’s. Since iy and f, both
preserve joins, we can reduce to the case where (X) = (K (p)). Lemma 5.3 showed
(ie K(p)) = (K(p)) in BL/J. Therefore fo(isK(p)) = fo(K(p)), so (feisK(p)) =
(K (p))- 0

Therefore the results of Section 4 hold, and we have a poset bijection f, : BL/J —
BLp(s), with inverse i4(—). This immediately gives the following
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Proposition 5.5. In BL/J the following hold.

(1) Ifp # ', then (K(B)) A (K(5) = (0).
) () A K = (D).
p

(2
(3) (K (p)) is a minimal nonzero Bousfield class.
(4

) (B) = Ipespec s (K (P))-

Proof. All the proofs work by pushing into DLp(gy. For example, we’ll prove (4).
Suppose X in D(R) has X A K(p) = 0 for all p € SpecS. We want to show that
X = 0. But we know foX A foK(p) = 0, which is to say feX A K(p) = 0 for all
p € SpecS. Since (S) = [[gpec 5(K (P)), this means foX = 0. Since f, is injective
on BL/J, we have X = 0. O

Question 5.6. To what extent can these results be pulled back to BLpry? For
example, (1) might hold in BLp(g), but (4) most definitely does not. It would be
interesting to prove or disprove (3) in BLp(gry. The skew field objects would probably
be useful here.

The following lemmas will be used later.
Lemma 5.7. Let p = (y1,...,yn) be as above. Then
(R/p) <+ < (R/(y1,32)) < (R/11).
Proof. This comes from repeated application of Lemma 2.5. For example, (y1) C
(y1,y2) implies that R/(y1,y2) € th(R/y1), so (R/(y1,y2)) < (R/y1). O
Lemma 5.8. Ifp £ p’ are prime ideals of S, then
R/PARj-1(py =0 and R/p Aky-1(yy = 0.

Proof. Take z; € p\p’, and complete it with z; so that (21, 22,...,2,) = p. For
each i, choose y; € f~!(z;), and define p = (y1,...,yn). Note that y; € f~1(p) but

yi ¢ 1)
Now, in D(R), the object R/y; is represented by the chain complex

i 530—=2RLSR50— .

Therefore R/y; A Ry-1(yy is the chain complex
"'—)0—>Rf—1(p/) i),Rf—l(p/) —-0—=---.

Since y; € R\f~1(p’), it is invertible in Ry-1(pry. Therefore the above complex
is acyclic, and R/y1 A Ry-1(py = 0.

The previous lemma tells us that (R/p) < (R/y1), so R/p A Ry-1() = 0.

Similarly, R/y1 A ky-1(p) is the chain complex

Rffl(p’) Y1 Rffl(p’)
—
FHP )Ry S )R-y

The map y; is also invertible here, so this chain complex is acyclic, and we con-
clude R/ﬁ AN kf—l(p/) =0. O

= 0= —-0—=---.
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5.1. Thick subcategories and support. Thomason [Tho97] gave a way of get-
ting at thick subcategories of finite objects in D(R), via subsets of Spec R. Here
we show how f, and i, relate the thick subcategories of D(R) and D(S), and how
they work with f~! : SpecS — SpecR.

In the next section, where we assume R is Noetherian, we will improve on these
results and extend them to localizing subcategory classification. With this in mind,
we give the following definitions.

Definition 5.9. Given a thick subcategory A of finite objects in D(R), define fo.A to
be the intersection of all thick subcategories of finite objects in D(S) that contain
foX for all X in A. Given localizing subcategories C of D(R) and D of D(S5),
define foC and isD similarly.

We know that f, takes finite objects to finite objects, but in general i, does not.
Thus we do not have a nice operation of i, on thick subcategories of finite objects
of D(S). See Section 5.2 however.

Note that for principal subcategories we have fo(th(X)) = th(feX) and fe(loc(X)) =
loc(feX), and likewise for i,. Also, since the full subcategory of finite objects is
essentially small in the derived category of any commutative ring, if A is a thick
subcategory of finite objects, we can identify f,.4 with the thick subcategory gen-
erated by the set {fe X : X € A}.

For the Noetherian ring .S, the classification gives a one-to-one correspondence
between thick subcategories of finite objects in D(S) and specialization-closed sub-
sets of Spec S, via the notion of support. For an object X in D(.S), supp(X) = {p €
SpecS : ky, A X # 0}. A specialization-closed subset W C Spec S corresponds to

th(S/p : peW)={Xin F : supp(X) C W},
and a thick subcategory A corresponds to
supp(A) = {p € Spec S : there exists X in A with p € supp(X)}.

For a commutative ring R that is not necessarily Noetherian, we replace specialization-
closed subsets with Thomason-closed subsets of Spec R, which are those of the form
U, V(Ia), where each I, is finitely generated.

Question 5.10. Does the function f~' : Spec S — Spec R take specialization-closed
subsets to Thomason-closed subsets? (See Remark 5.16)

Throughout this section, fix T' := f~!(SpecS) C Spec R, and U := Spec R\T.
Our computations rely on the following observation.

Lemma 5.11. Given p € Spec R, we have

- kf(q), iquT
f'kq{(x ifqeU

Proof. In Proposition 3.4 we showed that fe(k;-1,) = kp. Now take q € U. Then
for all p € Spec S, f~'p # q. By Lemma 2.5, ky-1, A kg = 0. Therefore

0= 12(0) = FolFy 1y AFg) = FuF iy A fuFig = By A fuli,
for all p € Spec S. Since S is Noetherian, we have

(5)="TI .

pESpec S




RING MAPS AND THE BOUSFIELD LATTICE 13
This implies that f.l?q = f.k:iq AS =0. O

Proposition 5.12. Let X be an arbitrary element of D(S). Then we have
supp(ie X) = [~ (supp(X)).

Proof. A prime q is in supp(ieX) if and only if k4 A ieX # 0. The projection
formula says kq A e X = ie(fokq A X), and i is injective, so q is in supp(ieX) if
and only if fokq A X # 0.

If fokg AN X # 0 then fokq # 0, so Lemma 5.11 forces q € f~*(Spec9), say
g = f~'p. Then by Proposition 3.4, fokq A X = k, A X, so p € suppX, and
a=[""'p € [} (suppX). _ _

If g= f~'p € f~!(suppX) then by Proposition 3.4, 0 # k, A X = fokq A X.

O
Corollary 5.13. Take p € SpecS. Then
supp(i(S/p)) = fH(V(p)).
Proof. Proposition 6.1.7(c) in [HPS97] shows that supp(S/p) = V(p). O

Lemma 5.14. Take p € SpecS. Then
FHV ) =V )
Proof. Given q € f~%(V(p)), we have ¢ = f~!(x) for some v with p C v. Then
f7HP) S () =q. Thus g € V(7 (p))-
It’s clear that f~1p € f~1(V(p)). Since V(p) is a closed subset of Spec S, and
f~1is a homeomorphism onto its image in Spec R (see Lemma 3.2), then f~(V (p))

is a closed subset of Spec R. This implies that the closure V(f~1(p)) is contained
in f~H(V(p)). O

Lemma 5.15. Take p € SpecS. Then

V) =VE)NT.
Proof. Take q € V(p) N T, and take v € SpecS so f~1(t) = q. Then p C g, so
p=f(p) S f(a) =v. Thust € V(p),so g€ f(V(p))

Since f~1(V(p)) C f~'(SpecS), it remains to show that f=1(V(p)) C V(p).
In light of Corollary 5.13, take q € supp(i(S/p)), so i(S/p) A kq # 0. Suppose
p = (21, .., 2n). We will show that every choice of f~1(2;) is in q for all 4; this will
imply that p C q, so q € V(p).

Suppose, towards a contradiction, that there is some f~!(z;) not contained in g.
As a map of R-modules,

R, f_(Z>i) R,
is an isomorphism; as a map of objects in D(R) it is an equivalence. Therefore
applying fe,

foeRq =5 foRyq
is an equivalence. Applying — A fo(R/qR) and noting that foRqA fo(R/qR) = fekq,
we see that f.k: 2 f.l?q is an equivalence. The cofiber S/z; A f./?q is zero.
Smashing with the other S/z;, we see that S/p A fokq = 0. But ie(S/p A fokq) =
i(S/p) A kq # 0 by hypothesis. O
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Remark 5.16. Given a specialization-closed subset W of Spec S, it is not hard to

see that
)= J ).
pew
Combining this with the last result gives

=1 Jve | nt.

pew

In a Noetherian ring .S, the Koszul objects S/p have supp(S/p) = V(p). The
next two lemmas give information about supp(R/p) in the general case.

Lemma 5.17. Take p € SpecS and consider R/p in D(R). Then
supp(R/p) € V(p).
Proof. Suppose q € Spec R has R/p A kq # 0. We must show that p C q.
Suppose p = (21,...,2,), and let y; € f~1(z;), for 1 < i < n, be choices of

preimages, so that p = (y1,.--,Yn). Then for each i, Lemma 5.8 implies that R/y; A

kq # 0.
If we consider the triangle

RATy S RAKy — R/y; Ak,

we see that the map
R
is not an equivalence. Thus as a map of R-modules, y; : kg — kg is not an

isomorphism. But y; € R, and k4 is Rg-local, so everything in R\q is invertible.
Therefore y; € q. Since this is true for all 7, p C q. O

Lemma 5.18. Given p € Spec S, we have
supp(R/P) NT = f~1(V(p)).

So although we haven’t shown whether the containment supp(R/p) C V(p) is an
equality, we know their intersections with f~!(Spec S) are equal.

Proof. The previous two lemmas imply that supp(R/p) NT C V(p)NT =
f~1(V(p)). This also follows from the contrapositive of Lemma 5.8. o
Now take q € f~1(V(p)). Clearly q € f~!(Spec S); we must show that R/pAkq #
0. There is some v € Spec S such that g = f~'(v). Then f~'(v) € f~(V(p)) implies
that v € V(p) = supp(S/p), so S/p A k. # 0. The computation
fo(R/p A Eq) = fo(R/P) A fo(ky=1()) = S/p Nk # 0
shows that R/p A kq # 0. O

Question 5.19. Is supp(R/p) =V (p)?

Remark 5.20. If W C Spec S is specialization-closed, then combining the last result
with Remark 5.16 and Corollary 5.13 gives

fTHW) =supp (th (R/p : pe W))NT
= supp (th(ie(S/p)) : pe W).
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Now we will look at how f, works with thick subcategories and the classification.
This diagram is helpful to keep in mind.

nice subsets ! nice subsets
<—
of Spec R of Spec S

supp(—)ﬂ supp(—)ﬂ

thick subcategories of fe thick subcategories of
finite objects in D(R) finite objects in D(S)

Proposition 5.21. Let B be a thick subcategory of finite objects in D(R), and let
X be an arbitrary element of D(R). Then

F7 (supp(fo X)) C supp(X)NT, and f~" (supp(foB8)) C supp(B) N'T.
Equality holds when X = R/p, or when X =1i,Y for some Y € D(S).
Proof. Given q= f~!(xr) € f~(supp(fe X)),
04 fuX Ao = fu(X A o),
s0 X Akp-1(y) # 0. Therefore f~*(r) = q € supp(X)NT.

Because foB is the thick subcategory generated by all the fo X, X € B, we have
that

Y A feX =0 for all X € Bif and only if Y AW =0 for all W € f,B.
Therefore, given q =€ f~!(supp(fsB)), there is some X € B with
q € f~ ' (supp(fo X)) € supp(X) NT C supp(B) N T.
When X = R/p, we have
FH(supp(fo(R/P))) = [~ (supp(S/p)) = f~(V(p)) = supp(R/p) N T
Now suppose X = i,Y for some Y € D(S), and take q = f~1(v) € supp(X)NT.
Then ieY Aky-1(cy) # 0, and the projection formula implies that 0 # Y A fokp-1() =
Y A k.. By the injectivity of i,, and Lemma 4.1, this implies i4Y A igk: # 0.
Again, the projection formula gives ie(feX A k) # 0, so feX A k. # 0, and
a=[""(v) € [ (supp(fa X)). O

5.2. When 4,5 is finite. If we assume that i,S is a finite object in D(R), then
ie sends finite objects to finite objects, and gives a well-defined operation on thick
subcategories of finite objects in D(S).

Furthermore, the objects i4(S/p) will be finite, for all p € Spec.S. Remark 5.20
implies that f~!(W) will be a Thomason-closed subset when W C SpecS is a
specialization-closed subset. This also follows from the next proposition.

Proposition 5.22. Suppose isS is finite, and let A be a thick subcategory of finite
objects in D(S). Then

supp(ieA) = f~(supp(A)).
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Proof. Because i,.4 is the thick subcategory generated by all the i, X, X € A, we
have that

Y ANieX=0forall X € Aif and only if Y AW =0 for all W € i,.A.

This implies that, for q € Spec R, l?q AW # 0 for some W € i,A if and only if
kq NieX # 0 for some X € A. Using this, the argument in Proposition 5.12 gives
that supp(ieA) = f~(supp(A)). O

Lemma 5.23. Assume iS5 is finite. For any finite object X in D(S), we have
th(feieX) = th(X).

Proof. Because X is finite and S is Noetherian, th(X) = th(S/p : p € W) for
some W C SpecS. Specifically, W = supp(X). Since fo and i, are exact and
commute with coproducts, we get

th(feieX) = th (feia(S/p) : p € W).
Thus we can reduce to showing that th(feie(S/p)) = th(S/p). Since foieS is finite,
these are both thick subcategories of finite objects, so if suffices to show that they
have the same support.
Proposition 5.21 says that
FH(supp(foia (S/p))) = supp(ia (S/p)) N T = f~H(V (p))
Therefore supp(feie(S/p)) = V(p) = supp(S/p). O

Question 5.24. Is there a way to pull these two results to get equality in Proposi-
tion 5.21, when 145 is finite?

5.3. An example. Fix integers n; > 1 and a prime p, and define

(21, z5°,...) (2]t 252, ...)
The Bousfield lattice of D(A) is studied extensively in [DP08]. Consider the
projection map f : I' = Z,). Then SpecZ,) = {(0), (p)}, and

SpecT = {(z1, 22, ...), (p, 1, T2, ...) }.

The map f~! : Spec Zp) — SpecT'is a bijection. Choosing p € f~1(p), the prime
ideal p = (p) C Zp) pulls back to p = (p) C T, and we have V(p) = {(p, z1, 22, ...)}.
Thus there are three Thomason-closed subsets of SpecT™:

0,{(p,x1,x2,...)}, and SpecT.

Let D = {W € F : supp(W) C {(p,z1,22,...)}} be the thick subcategory
of finite objects corresponding to the unique proper nonempty Thomason-closed
subset of SpecT.

The object I'/p in D(T) is the cofiber of I' =25 T', so is equivalent to the chain
complex

(---—>0—>Fi>1“—>0—>---).

Lemma 5.17 shows that supp(I'/p) C V(p) = {(p,z1,22,...)}, so T'/p € D.
Therefore th(I'/p) C D, and so from the classification we see that

th(r/ﬁ)Zth(~-~—>0—>1“i>1“_>0_>...) -D
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In Section 7 we will connect this example to the Bousfield lattice of D(A).

6. SURJECTIVE f: R — S, WITH R AND S BOTH NOETHERIAN

All the results from the last section can be improved and generalized when R is
also Noetherian. In Section 6.3 we show that the map f, induces a splitting

BI—D(R) = BLD(S) X J.

6.1. Localizing subcategories. The localizing subcategories of D(R) and D(S)
are classified by arbitrary subsets of Spec R and Spec S. More specifically, the lattice
25Pec R of subsets of Spec R is isomorphic to the lattice of localizing subcategories
of D(R), denoted Loc(D(R)). Under this isomorphism, {p} corresponds to loc(ky);

in particular, supp(k,) = {p}.

arbitrary subsets ! arbitrary subsets
of Spec R of Spec S

supp()H Supp()H

localizing subcategories e localizing subcategories
in D(R) N in D(S)

le

Throughout this section, fix 7' := f~1(SpecS) C Spec R, and U := Spec R\T.

The map f~! induces a map 25P%¢% — 25 % and f, induces a map Loc(D(R)) —
Loc(D(S)). The following lemma states that, via the lattice isomorphisms described
above, we have “(f~1)~1 = f,”.

Proposition 6.1. Let A be a localizing subcategory of D(R). Then

supp(foA) = (f 1)~ (supp(A)) = f (supp(A) N T).
Equivalently, f=1 (supp(fe.A)) = supp(A)NT. The same holds if we replace A with
X, for any object X in D(R).

Proof. Let A be a localizing subcategory of D(R). Then A = loc(k, : q € W) for
some W C Spec R, and in this case supp(A) = W. Using Lemma 5.11, we compute
that

foeA = foloc(kq : € W) =loc(fokq : g€ W) =loc (kpq) : 9€WNT).
In other words, supp(feA) = f(WNT) = f(supp(A)NT) = (f~1)~! (supp(A)

In general, supp(X) = supp(loc(X)) for all X € D(R). Because fo(loc(X))
loc(feX), the result holds with X in place of A.

~—

Ol

Corollary 6.2. For all X in D(R),
supp(ie foX) = supp(X)NT.
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Proof. Using Propositions 5.12 and 6.1 we compute

supp(is foX) = 7' (supp(fe X)) = f~' (f(supp(X) N T)) = supp(X) N T.
O

Remark 6.3. In [IK11], the authors consider the general case of a tensor triangulated
functor F' : T — U between well generated tensor triangulated categories. They
define support Sp(—) in terms of prime elements in the distributive lattice DL,
and show that if F' is well-defined on the level of Bousfield classes and preserves
coproducts, then there is a continuous map Sp(F') : Sp(U) — Sp(7T) such that

suppy (FX) = Sp(F) ! (supp(X)) for all X.

In the case where R and S are Noetherian, the two notions of support are
equivalent [IK11, 6.10]. If we consider i, : D(S) — D(R), then Proposition 5.12
says that

Sp(ie) ' = f~*:SpecS — Spec R.
If we consider f, : D(R) — D(S), then Proposition 6.1 says that
Sp(fe) ™t = (f~1) "' : Spec R — Spec S.

Example 6.4. Take an arbitrary subset W C SpecS. The localizing subcategory
of D(R) corresponding to f~Y(W) is

loc (kp-1, : pEW).

Applying fe to this gives loc (l?p tpe W) in D(S), which corresponds to W under
the classification.

Now we look at the action of i, on localizing subcategories.
Proposition 6.5. Let B be a localizing subcategory of D(S). Then
supp(ieB) = f~* (supp(B)).

Proof. Since R and S are Noetherian, every localizing subcategory is principal.
Using fact that supp(X) = supp(loc(X)) for all X, the result follows from Propo-
sition 5.12. 0

This lemma implies that, via the lattice isomorphisms 2°P¢® 2 Loc(D(R)) and
25pecS = | oc(D(S)), we have “f~1 =4,”. Because (f~!)~!o f~!is the identity on
Spec S, the composition f, o 4e is the identity on Loc(D(S)). We make this more
precise in the next proposition.

Proposition 6.6. Take p € SpecS. Then
loc(ieky) = loc(kf-1), s0 (iekp) = (kf-1p).
Thus for all localizing subcategories B of D(S), we have foiol8 = B.

Remark 6.7. The last statement might seem to follow from the one-to-one corre-
spondence between localizing subcategories and Bousfield classes, in light of the
fact that (feieX) = (X) for all X in D(S). It does, but some care is necessary; see
Section 6.3.
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Proof. For all q € U, we have ieky A kg = ie(kp A fokq) = i4(0) = 0, by Lemma
5.11. For all ¢ € T\{f~*(p)}, we have

ioky ANig = ia(Fy A foliq) = ia(Fp ATif(q)) =0,

by Lemma 2.5. Therefore

loc(ieky) C < H k:q> = loc (kj-1p) -

a#f~1(p)
On the other hand,
Goky Akp-1, = ia(kp A ky) # 0,

because i, is injective, so igky # 0 and loc(ieky) is non-zero. Because loc(ks-1,) is
a minimal non-zero localizing subcategory, we have equality.

The last statement follows from the classification of localizing subcategories and
Proposition 3.4. ([l

6.2. Thick subcategories. When R is Noetherian we can strengthen the results
of Section 5.1.

Lemma 6.8. The function f~' : Spec S — Spec R takes specialization-closed sub-
sets to specialization-closed subsets.

Proof. A set of prime ideals is specialization-closed if and only if it is the union
of closed subsets. We know that f~1(UW,) = Uf~1(W,). Because f is surjective,
the map f~! is a homeomorphism onto its image, thus closed. ([l

We have the following improvement on Proposition 5.21.
Proposition 6.9. Let B be a thick subcategory of finite objects in D(R). Then
f~ (supp(faB)) = supp(B) N T
Proof. Because R and S are Noetherian, all thick subcategories of finite objects
are principal. The result follows from Proposition 6.1. (Il
Lemma 6.10. Given p € Spec S, the objects fo(R/f~'p) and S/p generate the
same thick subcategory.

Proof. Since f~!p is finitely generated, R/f~'p is defined, and is finite. Therefore
it suffices to show that fo(R/f~!p) and S/p have the same support. We know
supp(S/p) = V(p), and use Proposition 6.1 to calculate

supp(fe(R/f~'p)) = f(supp(R/f'p) N T)

=fV(f)NT) = f(FTH V() = V(p).
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6.3. Bousfield lattices. With the Noetherian rings R and .S, there is a correspon-
dence between the lattice of localizing subcategories and the Bousfield lattice:

oy <) o (V)

qeWwe

Some caution is required, however, because we have defined different operations
i on Bousfield classes and on localizing subcategories, and these do not always
agree.

For example, as a Bousfield class, we have i, : (0) — (i,0) = (0). But

(0) = loc(S) = loc H kq |

qE€Spec S

and, in light of Proposition 6.6, as a localizing subcategory we have

ioiloc | J[ %] loc| JI iekq| =loc| ] % <\/k,,>

q€E€Spec S qESpec S peT peU

This is not surprising, because as an operation on Bousfield classes or on localiz-
ing subcategories, 4, is not surjective. The difference is always precisely (\/, ¢y kp) =

loc (Hp cT kTJ)
On the other hand, because f, is surjective (Proposition 3.4 and Lemma 5.4),
its two defined operations always agree.

When R is Noetherian, the lattice bijection BLp(g)/J = BLp(s) is actually a
splitting of the Bousfield lattice BLp(g)-
Lemma 5.11 implies that

T = <X><X>s<Hkq>

qeU

Because BLp(g) is just a Boolean algebra on the classes (k;j,) for q € Spec R, and
we have the partition Spec R =T [[U, we get that

BLD(R) = BL/J X J = BLD(S) X J.
Remark 6.11. In Proposition 6.12 of [IK11], the authors show that any smashing
localization functor gives a splitting of the Bousfield lattice. If we take L : D(R) —

D(R) to be finite localization at th(R/f~1p : p € SpecS), then the support of this
thick subcategory is T', which is specialization-closed. The L-acyclics are

loc Hl?q <Hkq>,
qeT qeU

and L is smashing since finite. The splitting from [IK11, 6.12] is exactly the same
as the one above induced by f,, described above.
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7. THE SPECIFIC MAP f:I'— A

In this section, we consider a specific example where f is surjective but neither
R nor S is Noetherian. As in Section 5.3, fix n; > 1 and a prime p, and define

. Z(p) [:Cl,xg, ]

= and A = Fplzy, z2, ...

(27", 257, ) (21", 25%,..)

Let f: T — A =T/pI’ be the surjective projection map. Note that T’ RN
1o/l is an exact triangle in D(T"), and the object is A can be represented in D(I") as
the finite object

(---—>0—>Fi>1“—>0—>---).
Proposition 7.1. For all X in D(A), we have (feie X) = (X).

Proof. The ring A is local, so every X in D(A) can be represented by a free

resolution
~--—>HA—>HA—>HA—>~-~.
Applying i,, we get

---—>Hz’.A—>Hi.A—>Hi.A—>~-~,

which is

S 11T IIr I[r

Q Y
I1ir r Iir

Using foI' = A, and Remark 2.2, we see that feieA in D(A) is

(-~~—>0—>AL>A—>O—>~--),

which is just A@XA. Similarly, applying fe to i X above, we get foie X = X P X.
This shows that th(feieX) = th(X), and so (feieX) = (X) for all X. O

Therefore the results of Section 4 apply. From Section 5.3, we know that th(isA)
is the unique nontrivial thick subcategory of finite objects in D(T"). Let L : D(T') —
D(T) be finite localization at th(ieA). Then L is smashing, and (LI') = loc(isA).

Given a self-map, the cofiber and the sequential colimit form a complemented
pair of Bousfield classes [HPS97, 3.6.9]. The cofiber of T’ 25 T is isA. The sequen-
tial colimit p~'T is a module concentrated in degree zero, with zeroth homology
Q[:Ch Zo, ]
(7, 252, ...)

The map g : I' — II, coming from Z,) < Q, induces functors ge and is between
D(T) and D(II), and we can identify the sequential colimit p~!T" in D(T") with i4IL.
Therefore in the Bousfield lattice of D(I") we have

(iaA) V (iI) = (T') and (igA) A (i II) = (0).

colim(IT 25 T) = =1L
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Because the localization functor L is smashing, with acyclics loc(ieA), the L-
locals are (isA). Because we know that (ieA) is complemented by (i4II), we can
conclude that the L-acyclics are given by (ieII) and the locals by loc(ieII).

As noted in Remark 6.11, every smashing localization functor gives a splitting
of the Bousfield lattice. In this context, this is

BLD(F) ;) BLIoc(i.A) X BLIoc(i.H)a where
(X) = ((X N ieA), (X NidlII)) .

The inverse sends ((X), (Y)) — (X) vV (Y).

Furthermore, Lemma 4.5 applies, and says that the complement of (isA) is (M),
the join of all classes in the kernel of f, : BLp) — BLp(a). Therefore

J ={{X) [(X) < (eIl }.
It is not hard to show that in fact
J ={X) [ (X) < (@I} = {(X) | X € loc(ieI)} = Blioc(i,m)-
Therefore, from L we get a splitting
BLD(F) ;> BLIoc(i.A) x J.

This is consistent with Proposition 4.2, which says f, induces a poset isomor-

phism
BL/J = Blioe(sn) % BLioc(a) = BLp(a) and so
BLD(F) = BLD(A) x J.

8. STILL TO DO, BEFORE SUBMITTING

This work seems incomplete without considering an injective map f : R — S, at
least in the case where R and S are both Noetherian.

Most of the questions in Sections 5 and 6 seem answerable, except Question 5.6
which is vague.
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